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Analytical expression for the guiding center distribution function in the toroidal magnetic field of HELIAS stellarator with the one 
resonant structure was obtained as a solution of the drift kinetic equation. This expression gives possibility to treat analytically the 
critical task for the modern fusion devices, e.g. to estimate the particle transport in 3D plasma edge configurations. One resonant 
structure means that in a vertical cross-section of the magnetic field configuration we observe one island chain, which possesses the 
pure separatrix. Additional perturbations that cause additional magnetic islands and stochastic layers are not taken into account. 
Analytical treatment of the problem is done for the model in which the electric field is neglected. The solution of the drift kinetic 
equation is assumed to be the sum of 1sin χ  and 1cos χ  harmonics, where 1χ  represents the dependences on toroidal and poloidal 
angle variables, “wave” numbers of perturbation, perturbation frequency and time. It is shown, that in accordance with the model, the 

1cos χ  harmonic vanishes and the solution, which consists of only the one 1sin χ  – harmonic, is enough to present changes in 
distribution function caused by a resonant structure of the magnetic filed. As a numerical example the tungsten ion guiding center 
distribution function is considered. 
KEY WORDS: HELIAS, stellarator, guiding center equations, guiding center distribution function, magnetic field resonance, electric 
field potential 

 
THE PROBLEM TO BE SOLVED 

Let us consider magnetically confined plasma in a toroidal magnetic field of stellarator [1]. In such case the Larmor 
radius of the charged particle is much less than the plasma radius and one can describe plasma in the guiding center 
approximation [1, 2]. From this point of view, in a kinetic theory, one can use the distribution function of the guiding 
centers  *f  instead of the particle distribution function f  without losing the whereabouts information for the particles.  

To proceed with analytical treatment of the problem we consider the model of the magnetic field in toroidal system 
in two steps. First of all let us imagine the case when we have the toroidal system with closed nested magnetic surfaces 
without any perturbations throughout the volume of confinement. That means the complete absence of any island chains. 
The vertical cross-section of such magnetic field surfaces is presented on the figure 1 in the flux coordinates [3]. 
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Fig.1. Vertical cross- section of the magnetic field configuration in the toroidal system without island chains in flux coordinates 

(Magnetic induction flux ψ  through the magnetic surface versus the poloidal angle θ ). 
 
Such model seams to be in a contradiction with the realistic magnetic field configuration in stellarator devices and is 
always used to describe plasma features in the region of the plasma core. By including the magnetic field perturbation 



18
«Journal of Kharkiv University»,  No. 619, 2004 N.A. Azarenkov, O.A. Shyshkin, R. Schneider-...

[4,5,6] we create only the one island chain with the pure separatrix. The vertical cross-section of the magnetic field 
configuration for such case is presented on the figure 2. And now, this configuration corresponds with HELIAS 
stellarator with five periods of the magnetic filed and consequently with five magnetic islands [7,8]. 
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Fig.2. Vertical cross- section of the magnetic field configuration in the toroidal system  

with one island chain in the flux coordinates. 
 

There is a number of papers devoted to the particle distribution function and transport calculations for the magnetic 
filed configurations similar to the one presented on figure 1 [9,10]. In this paper we are going to describe the changes of 
the guiding center distribution function, which can take place when we include magnetic field perturbation in our 
configuration. This task is of high importance for the modern fusion devices as far as the knowledge of the distribution 
function with the resonant structures gives us possibility to estimate the particle fluxes in the plasma edge regions, where 
the island structures are the dominant. In comparison with previous attempts to represent the effect of magnetic field 
space perturbations in toroidal plasmas [11] we propose to use the technique, which includes the redefinition of 
distribution function for the resonant magnetic field configuration. This technique will be presented further in more 
detail. As far as heavy impurities with high charge states have the strong tendency to effect on the background plasma 
and on the plasma transport in the edge regions, the knowledge of impurities distribution is of high importance as well. 
The numerical calculation is done for the tungsten ions, which are expected to be the dominant impurities in the 
HELIAS stellarator.  

 
GUIDING CENTER EQUATIONS IN FLUX COORDINATES 

The guiding center equations of Hamiltonian form are the following [4,5,6], 
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Numerical integration of the equations (1)-(6) makes it possible to create not only the model of charged particle motion 
in the magnetic and electric fields but the models of the magnetic field lines as well, which have been presented above 
on figures 1 and 2. One of the advantages of these equations is the possibility to separate terms, which are responsible 
for taking into account the magnetic field perturbations. For example, if we have the magnetic configuration with closed 
nested magnetic surfaces without any perturbations like that shown on figure 1, the guiding center equations that we 
need to present such case are as follows, 
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If we want to present the magnetic field perturbation and describe the configuration presented on figure 2, we have to 
add the following terms, 
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Here the perturbation function 1α  is taken into account. This property of the guiding center equations is used in further 
analytical treatment of the problem. 
 

DRIFT KINETIC EQUATION AND GUIDING CENTER DISTRIBUTION FUNCTION 
The guiding center distribution function for the charged particles is considered as a function of three coordinate 

variables, longitudinal velocity, poloidal and toroidal momentums and time 
( )τρζϑψ ζϑ ,,,,,, ||

** PPff = . (19) 
As far as we consider the guiding center distribution function the kinetic equation for the particle distribution function 
transfers in to the drift kinetic equation in the following form 
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Here dotted variables present guiding center equations in the flux coordinates in general form (1-6). As far as we want to 
describe the changes of the guiding center distribution function, which can take place when we include the magnetic 
field perturbation, we present the solution for the equation (20) in the form of two terms  
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Here the function *
0f  corresponds with the case of closed nested magnetic surfaces in toroidal configuration without 

any perturbation, and the function *
1f  will be considered in more detail further.  

For the simplest case we consider the distribution function *
0f  in the Maxwell form 
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Here the variable 
p

p a
Rr 02ψ=  is the normalized plasma radius, nr , Tr  and nα , Tα  are the parameters that define 

the steepness of the profiles, parameters 0R  and pa  are the large tore radius and plasma averaged radius respectively. 
Correspondent density and temperature profiles which are considered as typical for the HELIAS stellarator [8] are 
presented on figures 3 and 4. 
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Fig.3. Typical density profile for the HELIAS stellarator with 

five periods of the magnetic field. 
Fig.4. Typical temperature profile for the HELIAS stellarator 

with five periods of magnetic field. 
 
The following figure 5 demonstrates the Maxwell distribution function of the form (22) in the velocity space ( )||, ρμ  
with the use of the profiles (23, 24). 

 
Fig.5. Maxwell guiding center distribution function in velocity space ( )||, ρμ . 

Now let us proceed further and consider the second term *
1f  of the guiding center distribution function (21). This 

additional term is expected to appear when we take into account one magnetic field perturbation [4, 5]. In the vertical 
cross-section of the magnetic field configuration we will observe the island chain and as a result we have to expect 
changes in density and temperature profiles [12, 13]. It is obvious that such changes can be presented through the new 
distribution function with the help of term *

1f . To get the solution for the equation (20) in the form (21), we just 
substitute (21) into (20) and take into account the possibility to separate the terms in the guiding center equations and the 
fact that the equilibrium distribution function *

0f  has to satisfy the following equation 
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As a result we obtain the drift kinetic equation in the linear approximation 
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where dotted variables present the guiding center equations in the form (7-12) and in the form (13-18). Let us look for 
the solution *

1f  for the drift kinetic equation (26) in the form 
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us take into account some assumptions, which do not contradict with our model, but nevertheless simplify the drift 
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In addition we have to outline that in the equation (28) the possible expected change of the electric field potential caused 
by changes of the guiding center distribution function is presented through the 1sin χ  and 1cos χ  harmonics as well 

and reads 1
1
sin1

1
cos1 sincos χχ Φ+Φ=Φ . This is the attempt to increase the level of self consistency of the model. 

Otherwise the terms that include 1Φ  can be simply dropped. If we separate terms with different harmonics we obtain 

two linear equations, which give us the expressions for the functions *
cos1f  and  *

sin1f  as follows 
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The effect of the magnetic field perturbation is already observed through the resonant denominator. Analytical treatment 
of the 3D electric field profile at the edge plasma region, where the magnetic field configuration with the islands and 
stochastic layers is the dominant, is an extremely difficult task. Nevertheless we still can obtain some physics issues 
from the expressions (29.a) and (29.b). Let us completely neglect the electric field potential 010 =Φ=Φ  and put 

const=||ρ , then the expression (29.a) simply reads as 0*
cos1 =f  and the expression (29.b) becomes as follows 
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When we put const=||ρ  we only restrict our consideration on the particles with the equal longitudinal velocity and 

further we can use the ||ρ  as a parameter instead to use it as a variable. In such case as it is possible to see it is quite 

enough to use only 1sin χ  harmonic in distribution function representation (27). To resolve the problem of resonant 

denominator 11 mn ι− one can use the technique described by Solov’ev and Shafranov [14]. Let us redefine the initial 
distribution function 
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where *
0f  is the distribution function of the form (22). Now we can present the harmonic perturbation *

1f  
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Keeping in mind all the assumptions mentioned above, we obtain the solution for the drift kinetic equation (20) in the 
form  
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On figures 6a and 6b (different viewpoints) the guiding center distribution function of the form (34) in velocity space 
( )||, ρμ  is presented. Space coordinates for the function *f  are chosen to calculate the distribution function in the 
region where the magnetic field separatrix occurs. 

 
Fig. 6a. Guiding center distribution function of the form (34) in velocity space ( )||, ρμ . 
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Fig. 6b. Guiding center distribution function of the form (34) in velocity space ( )||, ρμ . 

 
Now let us consider the dependence of the guiding center distribution function on spatial coordinates for the 

charged particles with the constant energy. The tungsten ion is taken as a test particle with the energy keVE 1= , the 
ratio of the longitudinal velocity to the total velocity 1.0vk =  and charge number 30=Z . On figure 7 the spatial 
dependence of initial guiding center distribution function (22) is presented. The longitudinal variable const=ζ , 
poloidal angle variable ϑ  varies 28.60 ≤≤ ϑ  and radial coordinate ψ  varies 0075.00034.0 <<ψ . We expect 
to observe the islands in this space region when we include the magnetic field perturbation. 

 
Fig. 7. Spatial topology of guiding center distribution function *

0f . 
 
The effect of the perturbation on the guiding center distribution function topology in space coordinates is presented on 
figure 8. As one can see five hills are formed in accordance with the island chain structure, which is presented on figure 
2. Every separate island can be considered as the separate confinement system with the closed nested magnetic surfaces 
excluding the separatrix. Every local magnetic surface for the itch island now can be considered as a radial coordinate 
(in the local island coordinate system) to represent the guiding center distribution function within the separate island. 
This issue is typical for the island structures in the toroidal magnetic field configurations with open boundaries, when 
neither divertor nor limiter plates intersect the edge island configuration. 
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Fig. 8. Spatial topology of guiding center distribution function *f  of the form (34). 

 
CONCLUSIONS 

The analytical expression for the guiding center distribution function in the toroidal magnetic field configuration 
of the HELIAS stellarator with the five periods of the magnetic field and consequently with the five islands is derived. 
The general form of the new distribution function (34) does not have any limitation on particle spices and can be used to 
present either background particles distribution or impurity ions distribution as well. This is the critical task for the 
modern fusion devices as far as the knowledge of the distribution function of the form (34) gives us possibility to 
estimate the particle fluxes in the plasma edge regions where the magnetic islands are the dominant magnetic structures. 
Deriving the new distribution function we face with the problem of the denominator with zero values that correspond to 
the X-points and O-pints of the resonant magnetic structures (see the equation (30)). To avoid this problem we use the 
technique, which includes the redefinition of the initial distribution function, instead to include the collision term like it 
was done by previous authors [11]. This is the new main idea, to apply such approach to the consideration of the 
guiding center distribution function. 

  We consider the case, in which the electric field potential is neglected. At the same time we keep in mind the idea 
to obtain the electric field profile for the island region using the new background plasma profiles and the new impurity 
ion profiles derived with the use of the distribution function (34). It is shown that in the drift kinetic equation solution 
(27) the 1cos χ  harmonic vanishes due to the mentioned above approximation and only the one 1sin χ  harmonic 
represents changes of the guiding center distribution function caused by the magnetic field perturbation.  

Analytical treatment of the problem is undertaken in two steps. The first step is to consider the magnetic filed 
without any perturbation (magnetic field configuration is shown on figure 1) and to present the initial guiding center 
distribution function with corresponding temperature and density profiles. The second step is to include magnetic field 
perturbation (figure 2) and to derive the changes in distribution function.  

As far as the impurities have a strong effect on the plasma performance and the tungsten is expected to be the 
dominant impurity in the HELIAS stellarator plasma, for the numerical test the tungsten ion distribution function is 
considered.  The initial guiding center distribution function is taken in Maxwell form (22). The spatial topology of the 
guiding center distribution function calculated from the formula (34) for the ions with fixed energy is presented on 
figure 8. Five “hills” corresponding with the five main magnetic islands of HELIAS stellartator are observed. 

The presentation of the guiding center distribution function in velocity space ( )||, ρμ  has to be studied in more 
details. This will be done in future papers. 
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Германия 
 

В данной работе, путем решения дрейфового кинетического уравнения, получено аналитическое выражение для функции 
распределения ведущих центров заряженных частиц в тороидальном магнитном поле стелларатора HELIAS с одной 
цепочкой магнитных островов (одной резонансной структурой). Используя полученную функцию распределения мы можем 
построить выражения для потоков частиц в трехмерной магнитной конфигурации с учетом островных структур, что является 
одной из основных задач теории современного термоядерного синтеза. Дополнительные возмущения, приводящие к 
появлению стохастических слоев, не учитываются. Также в модели не учитывается наличие электрического поля. Решение 
дрейфового кинетического уравнения ищется в виде суммы  гармоник 1sin χ  и 1cos χ , где 1χ  описывает зависимость 
искомой функции от полоидальной и тороидальной угловых переменных, “волновых” чисел возмущения, частоты 
возмущения и времени. В работе показано, что при учете выше упомянутых предположений решение дрейфового 
кинетического уравнения сводится к виду содержащему зависимость от угловых переменных  только в виде гармоники 

1sin χ . Этого вполне достаточно для описания изменений функции распределения, вызванных появлением цепочки 
островов магнитного поля. Численные примеры приведены для функции распределения ведущих центров ионов вольфрама. 
КЛЮЧЕВЫЕ СЛОВА: HELIAS, стелларатор, уравнения ведущего центра, функция распределения ведущих центров, 
резонанс магнитного поля, потенциал электрического поля  
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