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Analytical expression for the guiding center distribution function in the toroidal magnetic field of HELIAS stellarator with the one
resonant structure was obtained as a solution of the drift kinetic equation. This expression gives possibility to treat analytically the
critical task for the modern fusion devices, e.g. to estimate the particle transport in 3D plasma edge configurations. One resonant
structure means that in a vertical cross-section of the magnetic field configuration we observe one island chain, which possesses the
pure separatrix. Additional perturbations that cause additional magnetic islands and stochastic layers are not taken into account.
Analytical treatment of the problem is done for the model in which the electric field is neglected. The solution of the drift kinetic

equation is assumed to be the sum of sin A and COS ¥, harmonics, where jJ, represents the dependences on toroidal and poloidal
angle variables, “wave” numbers of perturbation, perturbation frequency and time. It is shown, that in accordance with the model, the
COS ¥, harmonic vanishes and the solution, which consists of only the one sin X — harmonic, is enough to present changes in

distribution function caused by a resonant structure of the magnetic filed. As a numerical example the tungsten ion guiding center
distribution function is considered.

KEY WORDS: HELIAS, stellarator, guiding center equations, guiding center distribution function, magnetic field resonance, electric
field potential

THE PROBLEM TO BE SOLVED
Let us consider magnetically confined plasma in a toroidal magnetic field of stellarator [1]. In such case the Larmor
radius of the charged particle is much less than the plasma radius and one can describe plasma in the guiding center
approximation [1, 2]. From this point of view, in a kinetic theory, one can use the distribution function of the guiding

centers f " instead of the particle distribution function f* without losing the whereabouts information for the particles.

To proceed with analytical treatment of the problem we consider the model of the magnetic field in toroidal system
in two steps. First of all let us imagine the case when we have the toroidal system with closed nested magnetic surfaces
without any perturbations throughout the volume of confinement. That means the complete absence of any island chains.
The vertical cross-section of such magnetic field surfaces is presented on the figure 1 in the flux coordinates [3].
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Fig.1. Vertical cross- section of the magnetic field configuration in the toroidal system without island chains in flux coordinates
(Magnetic induction flux §/ through the magnetic surface versus the poloidal angle 0).

Such model seams to be in a contradiction with the realistic magnetic field configuration in stellarator devices and is
always used to describe plasma features in the region of the plasma core. By including the magnetic field perturbation



18
«Journal of Kharkiv University», No. 619, 2004 N.A. Azarenkov, O.A. Shyshkin, R. Schneider-...

[4,5,6] we create only the one island chain with the pure separatrix. The vertical cross-section of the magnetic field
configuration for such case is presented on the figure 2. And now, this configuration corresponds with HELIAS
stellarator with five periods of the magnetic filed and consequently with five magnetic islands [7,8].
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Fig.2. Vertical cross- section of the magnetic field configuration in the toroidal system
with one island chain in the flux coordinates.

There is a number of papers devoted to the particle distribution function and transport calculations for the magnetic
filed configurations similar to the one presented on figure 1 [9,10]. In this paper we are going to describe the changes of
the guiding center distribution function, which can take place when we include magnetic field perturbation in our
configuration. This task is of high importance for the modern fusion devices as far as the knowledge of the distribution
function with the resonant structures gives us possibility to estimate the particle fluxes in the plasma edge regions, where
the island structures are the dominant. In comparison with previous attempts to represent the effect of magnetic field
space perturbations in toroidal plasmas [11] we propose to use the technique, which includes the redefinition of
distribution function for the resonant magnetic field configuration. This technique will be presented further in more
detail. As far as heavy impurities with high charge states have the strong tendency to effect on the background plasma
and on the plasma transport in the edge regions, the knowledge of impurities distribution is of high importance as well.
The numerical calculation is done for the tungsten ions, which are expected to be the dominant impurities in the
HELIAS stellarator.

GUIDING CENTER EQUATIONS IN FLUX COORDINATES
The guiding center equations of Hamiltonian form are the following [4,5,6],
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Numerical integration of the equations (1)-(6) makes it possible to create not only the model of charged particle motion
in the magnetic and electric fields but the models of the magnetic field lines as well, which have been presented above
on figures 1 and 2. One of the advantages of these equations is the possibility to separate terms, which are responsible
for taking into account the magnetic field perturbations. For example, if we have the magnetic configuration with closed
nested magnetic surfaces without any perturbations like that shown on figure 1, the guiding center equations that we
need to present such case are as follows,
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If we want to present the magnetic field perturbation and describe the configuration presented on figure 2, we have to
add the following terms,
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Here the perturbation function ¢, is taken into account. This property of the guiding center equations is used in further

analytical treatment of the problem.

DRIFT KINETIC EQUATION AND GUIDING CENTER DISTRIBUTION FUNCTION
The guiding center distribution function for the charged particles is considered as a function of three coordinate
variables, longitudinal velocity, poloidal and toroidal momentums and time

f=r (W,é‘,g“,p”,Pg,P ,T). (19)
As far as we consider the guiding center distribution function the kinetic equation for the particle distribution function
transfers in to the drift kinetic equation in the following form
A +afy/ f1-9+8f §+ Y p g
Py + ¢ =V
or Jdy  d¥  d¢ aPﬂ oP,

Here dotted variables present guiding center equations in the flux coordinates in general form (1-6). As far as we want to
describe the changes of the guiding center distribution function, which can take place when we include the magnetic
field perturbation, we present the solution for the equation (20) in the form of two terms

fr=fn+hn. @1)

. * . . . . . .
Here the function f, corresponds with the case of closed nested magnetic surfaces in toroidal configuration without

(20)

any perturbation, and the function fl* will be considered in more detail further.

*
For the simplest case we consider the distribution function f, in the Maxwell form

fo = F(l//)exp{— ﬁ} (22)

3
-3 1
with the function F(w)=n(y)T 2(w) and the particle energy &= > pH2 B>+ uB+® [46]. The radial

dependences for the density and temperature are the following
-1

2a,
n(rp)z n(O) 1+£r—pj , (23)
rn

-1

20,
T(r,)=7(0)| 1+ [ipj . (24)
rr

R
Here the variable 7, = /2y —L2 s the normalized plasma radius, 7

n°

7r and &, , O, are the parameters that define
P
the steepness of the profiles, parameters R, and a , are the large tore radius and plasma averaged radius respectively.

Correspondent density and temperature profiles which are considered as typical for the HELIAS stellarator [8] are
presented on figures 3 and 4.
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Fig.3. Typical density profile for the HELIAS stellarator with Fig.4. Typical temperature profile for the HELIAS stellarator
five periods of the magnetic field. with five periods of magnetic field.

The following figure 5 demonstrates the Maxwell distribution function of the form (22) in the velocity space (,u, pH)
with the use of the profiles (23, 24).
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Fig.5. Maxwell guiding center distribution function in velocity space (y > P )

Now let us proceed further and consider the second term fl* of the guiding center distribution function (21). This

additional term is expected to appear when we take into account one magnetic field perturbation [4, 5]. In the vertical
cross-section of the magnetic field configuration we will observe the island chain and as a result we have to expect
changes in density and temperature profiles [12, 13]. It is obvious that such changes can be presented through the new

distribution function with the help of term fl*. To get the solution for the equation (20) in the form (21), we just
substitute (21) into (20) and take into account the possibility to separate the terms in the guiding center equations and the

fact that the equilibrium distribution function fo* has to satisfy the following equation
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As a result we obtain the drift kinetic equation in the linear approximation

0 .
Jo =0. (25)
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where dotted variables present the guiding center equations in the form (7-12) and in the form (13-18). Let us look for

the solution f1* for the drift kinetic equation (26) in the form
fl = ﬁcos Cos Zl + fisin Sin /1/1 > (27)
where flzos = flzos (l//, p”,Pﬂ,P{) as well as fl*sin = fl*Sin (l//, ,OH,PDQ,Pg) are the functions of radial coordinate,

longitudinal velocity and canonical momentums. }, represents toroidal and poloidal dependencies as well as time
dependence and initial phase dependence for the distribution function and reads }, =, g -mi—w,T+ 51 . Now let

us take into account some assumptions, which do not contradict with our model, but nevertheless simplify the drift
kinetic equation. The electric field potential @ which corresponds with the magnetic field model presented on figure 1
9D, 9D, I,

has to be the function of flux surface and hence #0, = =0. Also we assume that the unperturbed

dy 30 o

magnetic field has the uniform structure in the poloidal and toroidal directions B # B (15,4’ ) That actually gives us

possibility to represent the solution (27) trough the only Sin X, and cOS ¥, harmonics and take away the term

SN
oY

assumptions mentioned above we get the drift kinetic equation of the form

fo* from the equation (26). Now we substitute the expression (27) into the equation (26), and with the

foL()
[p|l + ](flcosml Sanl J(lsmml COSZI )+ pH (fismnl COSZI ficosnl Sanl)
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In addition we have to outline that in the equation (28) the possible expected change of the electric field potential caused
by changes of the guiding center distribution function is presented through the Sin X, and COS ¥, harmonics as well

and reads @, = CDICOS cosy, + (I)lm sin y, . This is the attempt to increase the level of self consistency of the model.

Otherwise the terms that include @, can be simply dropped. If we separate terms with different harmonics we obtain

two linear equations, which give us the expressions for the functions flzos and fl*sin as follows

(I)iosmlajjoﬂ+(lm +n )d)1 fo*

i cos ap”
= > 29.
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The effect of the magnetic field perturbation is already observed through the resonant denominator. Analytical treatment
of the 3D electric field profile at the edge plasma region, where the magnetic field configuration with the islands and
stochastic layers is the dominant, is an extremely difficult task. Nevertheless we still can obtain some physics issues

from the expressions (29.a) and (29.b). Let us completely neglect the electric field potential @ =@, =0 and put

p, = const, then the expression (29.a) simply reads as fl* = 0 and the expression (29.b) becomes as follows

cos
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When we put P = const we only restrict our consideration on the particles with the equal longitudinal velocity and

(30)

further we can use the P, as a parameter instead to use it as a variable. In such case as it is possible to see it is quite

enough to use only sin ¥, harmonic in distribution function representation (27). To resolve the problem of resonant

denominator #, —1m, one can use the technique described by Solov’ev and Shafranov [14]. Let us redefine the initial
distribution function

de

fo = I —1m,) V. (31
Iy
Then the expression (30) reads as follows
. ofy
fisin = Alr;;nlml ﬁ) s (32)
oy

where f 0* is the distribution function of the form (22). Now we can present the harmonic perturbation fl*
* m f 0
fi = Alrp m, ——sin y, . (33)
Iy
Keeping in mind all the assumptions mentioned above, we obtain the solution for the drift kinetic equation (20) in the
form
e | oF g dT
f _[ —my exp( —j(M+F(1//) - v ))dw+
TwN oy T*(y) oy
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On figures 6a and 6b (different viewpoints) the guiding center distribution function of the form (34) in velocity space

(34

(/t, pH) is presented. Space coordinates for the function f° " are chosen to calculate the distribution function in the

region where the magnetic field separatrix occurs.
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Fig. 6a. Guiding center distribution function of the form (34) in velocity space (,u , ,OH )
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Fig. 6b. Guiding center distribution function of the form (34) in velocity space (,tt, ,0” )

Now let us consider the dependence of the guiding center distribution function on spatial coordinates for the
charged particles with the constant energy. The tungsten ion is taken as a test particle with the energy E =1lkel , the

ratio of the longitudinal velocity to the total velocity v, =0.1 and charge number Z =30. On figure 7 the spatial
dependence of initial guiding center distribution function (22) is presented. The longitudinal variable ; = const ,
poloidal angle variable ¢J varies 0 < ¢ < 6.28 and radial coordinate ¥ varies 0.0034 < <0.0075. We expect
to observe the islands in this space region when we include the magnetic field perturbation.
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b 0.007

Fig. 7. Spatial topology of guiding center distribution function fo* .

The effect of the perturbation on the guiding center distribution function topology in space coordinates is presented on
figure 8. As one can see five hills are formed in accordance with the island chain structure, which is presented on figure
2. Every separate island can be considered as the separate confinement system with the closed nested magnetic surfaces
excluding the separatrix. Every local magnetic surface for the itch island now can be considered as a radial coordinate
(in the local island coordinate system) to represent the guiding center distribution function within the separate island.
This issue is typical for the island structures in the toroidal magnetic field configurations with open boundaries, when
neither divertor nor limiter plates intersect the edge island configuration.
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Fig. 8. Spatial topology of guiding center distribution function f " of the form (34).

CONCLUSIONS

The analytical expression for the guiding center distribution function in the toroidal magnetic field configuration
of the HELIAS stellarator with the five periods of the magnetic field and consequently with the five islands is derived.
The general form of the new distribution function (34) does not have any limitation on particle spices and can be used to
present either background particles distribution or impurity ions distribution as well. This is the critical task for the
modern fusion devices as far as the knowledge of the distribution function of the form (34) gives us possibility to
estimate the particle fluxes in the plasma edge regions where the magnetic islands are the dominant magnetic structures.
Deriving the new distribution function we face with the problem of the denominator with zero values that correspond to
the X-points and O-pints of the resonant magnetic structures (see the equation (30)). To avoid this problem we use the
technique, which includes the redefinition of the initial distribution function, instead to include the collision term like it
was done by previous authors [11]. This is the new main idea, to apply such approach to the consideration of the

guiding center distribution function.
We consider the case, in which the electric field potential is neglected. At the same time we keep in mind the idea
to obtain the electric field profile for the island region using the new background plasma profiles and the new impurity
ion profiles derived with the use of the distribution function (34). It is shown that in the drift kinetic equation solution

(27) the coS ¥, harmonic vanishes due to the mentioned above approximation and only the one Sin ¥, harmonic

represents changes of the guiding center distribution function caused by the magnetic field perturbation.

Analytical treatment of the problem is undertaken in two steps. The first step is to consider the magnetic filed
without any perturbation (magnetic field configuration is shown on figure 1) and to present the initial guiding center
distribution function with corresponding temperature and density profiles. The second step is to include magnetic field
perturbation (figure 2) and to derive the changes in distribution function.

As far as the impurities have a strong effect on the plasma performance and the tungsten is expected to be the
dominant impurity in the HELIAS stellarator plasma, for the numerical test the tungsten ion distribution function is
considered. The initial guiding center distribution function is taken in Maxwell form (22). The spatial topology of the
guiding center distribution function calculated from the formula (34) for the ions with fixed energy is presented on
figure 8. Five “hills” corresponding with the five main magnetic islands of HELIAS stellartator are observed.

The presentation of the guiding center distribution function in velocity space (u, p”) has to be studied in more
details. This will be done in future papers.
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OYKIUA PACITIPEJAEJEHUA BEAYIIUX HEHTPOB
B TOPOUJAJIBHOM MATHUTHOM MOJIE C OI[HOﬁ PE3OHAHCHOM CTPYKTYPOM
Huxouaii A. AzapenkoB*, Ouier A. Ilumkun®,
Pann¢ naiinep**, FOpuii JI. Ururtxanos**
*Xapvkosckuii nayuonanvhuiti ynusepcumem um.B.H. Kapaszuna, ni.Ceob6o0u 4, 61077 Xapvkos, Ykpauna
**Uucmumym uszuku naazmol umenu Makca Inanka, accoyuayus EBPATOM, omoenenue [patighceanvo, D-17489, I'paiighcsanvo,
T'epmanusn

B nmanHoit pabote, myTeM penieHus Apeli()OBOro KMHETHYECKOTO YpPaBHEHHMS, MOJTYYECHO aHATUTUYECCKOE BBIpaKEHHE I (HYHKIIUH
pacnpeseneHusl BEAYLIMX LIEHTPOB 3apsOHKEHHBIX YacTHIl B TOPOMAAIbHOM MarHuTHOM mnoje creiutapatropa HELIAS c¢ oanoit
LIETIOYKOI MarHMUTHBIX OCTPOBOB (OAHOM PE30HAHCHOU CTPYKTYpO#). Mcronb3ys moinydeHHyo (QYHKIHUIO pacipeieSieHUs] Mbl MOYXKEM
MIOCTPOUTH BBIPAKEHUS U1 IOTOKOB YAaCTHIl B TPEXMEPHOI MarHUTHOM KOH(UTYpAIMU C yYETOM OCTPOBHBIX CTPYKTYP, UTO SIBISETCS
OHOW W3 OCHOBHBIX 33/1a4 TEOPUH COBPEMEHHOTO TEPMOSAECPHOTO CHHTE3a. JIOMOJHWUTENbHBIE BO3MYILEHHS, MPUBOIIIINE K
MOSIBJICHUIO CTOXACTHYECKHUX CJIOEB, HE YUUTHIBAIOTCS. Takke B MOJENN HE YUUTHIBACTCS HAIMYHE JIEKTPHUIECKOro mois. Pemenne

Jpef(pOBOTO KNHETHIECKOTO YPABHEHHS MIIETCS B BUIE CyMMBI rapmonuk SIN ¥, u COS J|, Ie J| ONMHUCBHIBAET 3aBHCHMOCTh

HUCKOMOHM (yHKIIMM OT MONOMAANPHOM WM TOPOMIATHGHON YITOBBIX HEPEMEHHBIX, ‘BONHOBBIX  UHCEN BO3MYIIEHHS, YacCTOTHI
BO3MYIICHHS M BpeMeHH. B pabore mokazaHo, YTO NpH ydYeTe BBINIE YHOMSHYTHIX IIPEIIIONIOXKEHHI pereHne nper(oBoro
KMHETHYECKOI0 ypaBHEHHs CBOJUTCS K BHUJY COJAEpPXKALIEMY 3aBUCHUMOCTb OT YIJIOBBIX HNEPEMEHHBIX TOJBKO B BHJEC FAPMOHHUKH

Sin Zl . DTOro BIIOJIHE JOCTATOYHO JUISi ONMHUCAHUS W3MEHCHUU q)yHKHI/II/I pacnpeaCii€Husl, BbI3BBAHHBIX IOSBJICHUEM LCIOYKH

OCTPOBOB MarHUTHOTO I10JIsl. YHNCIIEHHBIC IPUMEPBI IPUBEICHBI U151 PYHKIIMU paclpeeliCHAs] BEIyIINX [IEHTPOB HOHOB BOJIb(pama.
KJIFOYEBBIE CJIOBA: HELIAS, cremnaparop, ypaBHEHHs BEIYIIEro LEHTPa, (QYHKIHUS pachpeieiCHUS BEAYIIUX I[EHTPOB,
PE30HAHC MarHUTHOT'O TOJISL, MOTEHIUAII JIEKTPHUUECKOTO T10JIs
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