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The results of the theoretical investigation of angular distributions and polarization of radiation by relativistic electrons and positrons
passing through a thin crystal at a small angle to the crystal axis are presented. It is shown that the nontrivial fine structure of angular
distributions of the emitted photons is connected to the multiple scattering effect on radiation of high energy particles in crystal
(similar to the Landau-Pomeranchuk-Migdal effect). It is also shown that using slit collimation of photon beam one can obtain a high
degree of linear polarization of radiation, however, the circular polarization of radiation in a thin crystal is close to zero for any
direction.
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The recent progress in creation of high energy accelerators requires recheck and more accurate definition of some
predictions of the theory of high energy particle interaction with matter. First of all it is a question of electrodynamics
effects that appears at ultra high energies. One of them is the Landau-Pomeranchuk-Migdal effect (LPM effect) of
suppression of radiation of relativistic particles in an amorphous matter, which was predicted half a century ago by
Landau and Pomeranchuk [1]. The quantitative theory of the effect in an amorphous medium was offered by Migdal
using the kinetic equation method [2]. However, the experimental verification of the theory was carried out only several
years ago at SLAC for electron energies 8 and 25 GeV [3].
It should be noted that there were some previous attempts of experimental check of the LPM effect in cosmic rays
and accelerator, but there was lack of statistic at these experiments for quantitative verification. The topicality of such
investigation today is dictated by the fact that due to the LPM effect the radiation length at ultra high energy can
increase considerably. This leads to the increasing of effective length of electromagnetic cascade in matter that necessary to take into account at designing detectors and radiation protection for a new generation of high energy
accelerators. The increasing of radiation length due to the LPM effect was observed recently at CERN at electron
energies up to 300 GeV [4].
It is significant that the experimental study of the LPM effect carried out at SLAC showed a good agreement of
measured data with the Migdal’s theory predictions for rather thick targets [3]. However, in the case of thin (in
comparison with coherence length) targets there was observed the essential discrepancy between theory and experiment
[3,5]. The reason of the discrepancy lays in the fact that Migdal developed the theory of LPM effect for boundless
amorphous media. Taking into account a finite thickness of target leads to considerable changes of radiation spectrum
of relativistic electrons that was predicted earlier in Ref. [6-8]. Thus, the SLAC experiment confirmed the main results
of Migdal’s theory for thick enough targets and stimulated the further theoretical investigations with the aim to develop
the quantitative theory of the suppression effect for radiation in a thin layer of matter. Such a theory was developed in
works [9-13].
Recently it was shown [14] that multiple scattering of relativistic electrons by atoms in amorphous medium could
influence not only radiation spectrum but also the angular distribution of emitted gamma-quanta. Much more
significant changes of spectral and angular distribution of radiation takes place in a crystal [8,15] due to coherent
effects both at scattering and radiation of relativistic electrons.
In present work the results of theoretical study of the multiple scattering effect on spectral-angular distribution and
polarization characteristics of radiation by ultra relativistic electrons and positrons in a thin crystal are presented. The
calculations are carried out for 200 GeV electrons (positrons) impinging the 20 Pm tungsten crystal under the small
angle to the axis <111>. Such a conditions corresponds to the conditions of recent CERN experiment [16]. The results
of this study show that the angular distributions of radiation of ultra relativistic electrons and positrons have a nontrivial
thin structure, which is caused by the coherent effect in particle scattering by atomic rows of a crystal and essentially
nondipole regime of radiation at so high energy. It is shown that rather high degree of linear polarization can be
obtained in this case using slit-type photon collimator. It is also shown that the circular polarization of emitted gammaquanta in a thin crystal is close to zero for any direction.
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GENERAL FORMULAS
The radiation process of a relativistic electron develops in a large spatial region along the direction of particle
motion, which is called the coherence length [17] lc | 2J2 Z -1, where J is the Lorenz-factor of the particle, Z is the
energy of emitted photon (we use here the units system ʄ = c = 1). This length grows fast with electron energy
increasing and with decreasing of photon energy Z.
Landau and Pomeranchuk showed [1] that if in limits of coherence length of radiation an electron interacts with a
large number of medium atoms, the multiple scattering of particle on these atoms could conduce to suppression of
bremsstrahlung in comparison with the prediction of the Bethe-Heitler theory [18].
The main condition of the LPM effect coincides with the condition of
non-dipole regime of radiation
(1)
-e > J -1
.
It can be fulfilled first of all for relatively low energy region of emitted
photons Ȧ << İ so as to provide a long enough coherence length lc . In this
case we can neglect the quantum recoil effect at radiation and use formulas
of classical electrodynamics.
The spectral-angular density of radiation by an electron of trajectory
G
r ( t ) is determined in classical electrodynamics by the expression [19]
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where k and Ȧ are the wave vector and the frequency of the radiated wave.
If the coherence length of radiation process is big in comparison with
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the thickness of the target lc >> T then I can be represented as [7,19]
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where v and vc are the electron velocities before and after scattering,
G G
n k/Z.
The two-dimensional picture of the angular distributions of radiation by
a relativistic electron scattered at the different angles -e is given in Fig. 1.
This picture shows a nontrivial angular distribution of essentially non-dipole
electron radiation (Ȗ-e >>1) with sharp maxima and deep minima near the
initial and final directions of the electron motion. The maximum value of
radiation intensity is reached at Ȗ-e = 2 (see Fig. 1b).
The general expression for the polarization matrix of radiation is
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ei,k are the polarization vectors which are the unit vectors orthogonal
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The degree of the linear polarization of radiation is determined by
expression

P
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The degree of the circular polarization of radiation is

Pcircular
Fig.1. Angular distribution of
radiation by one electron scattered on
the angle Ȗ-e. a) Ȗ-e = 1; b) Ȗ-e = 2;
c) Ȗ-e = 4; d) Ȗ-e = 8
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(6)

In [20] there was proposed a method for producing high energy
gamma-quanta with circular polarization by coherent radiation of relativistic
electrons passing through a crystal at a small angle to the crystal axis.
This method is based on specific features of non-dipole regime of
radiation that allows obtaining a high enough degree (about 50 %) of circular polarization of emitted gamma-quanta
using the special type of photon collimation. The natural limitation of efficiency of this method for hard part of the
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radiation spectrum is connected with rapid decreasing of the number of emitted gamma-quanta with photon energy
increasing dN/dȦ ~ 1/Ȧ. However, there is one more effect that suppresses the emission of circular polarization photons
in a soft part of the spectrum despite the increasing of the total number of emitted photons.
Really, if the energy of the emitted photon is small enough, so that the coherence length of radiation process is
larger than crystal thickness (l c >> T) then the polarization matrix (4) in this approximation becomes symmetrical

Ji k

Jk i

,
and the degree of circular polarization of each emitted gamma-quanta (6) is equal to zero.
This statement can be formulated as the following general theorem: if the coherence length of radiation process is
much larger than the effective spatial region in which a relativistic electron interacts with an external field, then the
circular polarization of the emitted photon is identically zero.
The spectral-angular density of radiation can be written in terms of polarization matrix as

d2E
(7)
J11  J 22 .
dZdR
If we are interested in the angular distribution of radiation from an electron beam passing through a thin target,
then the formula (7) is necessary for averaging over the scattering angles of the particles in matter. If the distribution
G
function of the scattered particles f (-e ) is known, then the average value of spectral-angular density of radiation will
be determined by the expression
G
G d2E
d2E
d
f
(
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Note that formula (8) is applicable to any targets. It is only required that the target thickness is small in
comparison with the coherence length of radiation. The different characteristics of the scatterer will be exhibited only
G
by the definite kinds of distribution function f (-e ) .
G
For the amorphous target case the distribution function f (-e ) is determined by the Bethe-Molière function [19].
The multiple scattering effect on the spectral-angular distribution of the radiation by relativistic electrons in a thin
amorphous target was studied in [14]. It was shown that in contrast with the Bethe-Heitler theory prediction [18] there
is the minimum in the angular distribution of the emitted gamma-quanta in the initial direction of the electron beam
when the condition of the LPM effect -e >> 1/Ȗ is fulfilled (see Fig. 2 in [14]).

Fig.2. Geometry of the coherent azimuthal scattering of electron in the field of atomic string of crystal, -

2\ sin M / 2

If a beam of relativistic electrons (positrons) passes through a crystal at a small angle ȥ to one of crystallographic
axes (axis z) there takes place a coherent effect in electron scattering, exhibited as a characteristic annular angular
distributions of the particles outgoing from the crystal (“doughnut scattering” effect [19,21]). This coherent effect takes
place only for the scattering over azimuthal angle ĳ (see Fig. 2) as a result of correlations in sequent scattering of a fast
electron by atoms located along this crystal axis.
In this case the magnitude of the root-mean-square angle of multiple scattering of electron can exceed
substantially (by several times) the corresponding parameter for the electron scattering in an amorphous target of the
same thickness [21], and the smaller is the target thickness, the greater is this difference.
Generally the dynamics of a relativistic particle beam in an aligned crystal is rather complicated, since various
fractions of a beam are involved in various regimes of motion: finite and infinite, regular and chaotic, with transitions
between them. The analytical description of the particle dynamics can be conducted only in some limiting cases. Thus,
for example, the theory of multiple scattering of relativistic charged particles on atomic strings of a crystal, based on the
continuous string approximation, describes the coherent azimuthal scattering of above-barrier electrons [21].
However, this theory does not describe transitions of particles between two different fractions of the electron beam in
the crystal, since the continuous string approximation does not take into account incoherent scattering. It is possible to
take incoherent scattering into account by analytical methods only in the case of rather large incident angles ȥ >> ȥL,
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where \ L = 4Ze 2 /Hd is the Lindhard angle [19], Z|e| is the charge of atomic nuclear, d is the distance between atoms
along the crystal axis and İ is the energy of the incident electron. At the same time, as it was already mentioned, the
orientation effects in scattering and radiation of a relativistic electron beam passing through a crystal are mostly
manifest in the range of angles ȥ § ȥL. Therefore, for the quantitative description of these effects, a computer
simulation of the passing of an electron beam through an aligned crystal appears to be the most adequate.
RESULTS OF COMPUTER SIMULATION
With the purpose of a quantitative analysis of the multiple scattering effect on coherent radiation of a relativistic
electron (positron) in a thin crystal, we performed a computer simulation on the basis of the Monte-Carlo method. We
used here the binary collisions model of the electron interactions with the atoms of a crystalline lattice [15]. Such an
approach allows taking into account both the coherent scattering of fast electrons on the atomic strings of a crystal and
the incoherent scattering of the electrons connected with the thermal fluctuations of the atom positions in the lattice and
with the electronic subsystem of the crystal. The angular distribution of radiation and polarization was calculated as a
sum of radiation and polarization of each particle. The results of the computer simulation of electron (positron)
scattering, radiation and polarization are presented in Fig. 3.
The left part of Fig. 3a represents the results of computer simulation of the angular distribution of 200 GeV
electrons (positrons) scattered by 20 ȝm tungsten crystal at random orientation (like in amorphous target). The initial
divergence of the electron beam was taken as 1 ȝrad that is equal to 0.4 in the units of 1/Ȗ. The root-mean-square angle
of multiple scattering <-e> for this case is about 3/Ȗ. It means that we have non-dipole regime of radiation even at
random orientation of 20 ȝm tungsten crystal with the “non-dipole” parameter is Ȗ <-e> § 3. The Fig. 3a (middle)
shows the corresponding angular distribution of emitted gamma-quanta. In contrast to the dipole radiation case there
are the deep minimum along the initial electron beam direction. We use here the units 1/Ȗ that is a natural scale for
angular distributions of relativistic particle radiation.
Fig. 3b (left) demonstrate the typical for the “doughnut scattering” effect annular angular distribution of scattered
electrons when initial electron beam impinges on the crystal at the Lindhard angle ȥ = ȥL. The position of the crystal
axis <111> is shown in Fig. 3b (left) by black cross. The initial direction of the electron beam is in the center of black
square on this figure. The black square is also indicates the angular region where the gamma-radiation is mainly
located. Namely this region is represented in Fig. 3b (middle) with corresponding zooming.
The results of analogous calculations for 200 GeV positron beam in the tungsten crystal of the same thickness and
orientation are presented in Fig. 3c. One can see that angular distribution of scattered electrons (Fig. 3b, left) and
positrons (Fig. 3c, left) is rather different. This difference is connected with the character of the motion of positrons and
electrons in a lattice field. As a result we have also different structure of angular distribution of radiation and its
polarization (see Figs. 3b and 3c, right).
The integral degree of linear polarization of electron radiation is about zero. However, using the slit-type
horizontal photon collimator with the angular width ¨ș = Ȗ -1 and putting them as it sowed in Fig.3b (right) by dashed
lines it is possible to obtain linearly polarized photon beam with polarization degree about 80 %.
Note, that just the special type of coherent scattering in a crystal and the non-dipole regime of radiation allow us
to obtain a high degree linearly polarized photon beams on the basis the angular separation of emitted gamma-quanta.
If we turn this collimator to the vertical position (in parallel to y-axis) we obtain the linearly (vertically) polarized
photon beam with about 80% of polarization degree. Note, that such a behavior of polarization is very similar to the
amorphous target case but for the same efficiency of radiation it is necessary to use significantly thicker amorphous
target.
Another situation for radiation of positron beam in crystal at the same condition. Horizontal collimation gives the
result 75% of linear polarization, but the vertical one gives only 50 %.
All these features of angular distributions of radiation and polarization are associated with the superposition of
two different effects: coherent electron scattering by the crystal rows (“doughnut scattering” effect) and suppression of
radiation due to this coherent multiple scattering (analogous to the LPM effect in an amorphous target).
CONCLUSIONS
The present investigation shows a strong effect of the coherent multiple scattering of relativistic electrons in a thin
crystal on the angular distributions of emitted gamma-quanta and their polarization.
It is shown that circular polarization of each photon emitted in a thin crystal (T << l c) is close to zero.
The degree of linear polarization of collimated photon beam by the slit collimator with the angular width ¨ș = Ȗ -1
comes up to 80 % for 200 GeV electrons passed through the 20 ȝm tungsten crystal.
For the experimental observation of the effects described above a high angular resolution (better than Ȗ -1) of the
gamma-detector is needed, as well as a small (less than Ȗ -1) divergence of the electron beam.
These effects must be taken into account when studying spectral-angular distributions of radiation and
polarization by relativistic electrons in a crystal.

43
physical series «Nuclei, Particles, Fields», issue 1 /29/

Fine structure of angular distributions and ...

Fig.3. The angular distributions of scattered leptons (left) as a result of computer simulation of 200 GeV lepton beams
propagation through a 20 ȝm tungsten crystal. Black crosses show the direction of the crystal axis <111>. The black square is the
region that is represented in the middle part with corresponding zooming. The angular distributions of intensity (middle) and linear
polarization degree (right) of radiation by scattered particles. Dashed lines shows the optimal position of the slit photon collimator
with the angular width Ȗ -1 to obtain the highest degree of linear polarization.
a) electrons or positrons scattered by crystal at random orientation (like in amorphous target);
b) electron beam is directed to the crystal at the angle ȥ = ȥL to the axis <111>;
c) positron beam is directed to the crystal at the angle ȥ = ȥL to the axis <111>
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ɉɪɟɞɫɬɚɜɥɟɧɵ ɪɟɡɭɥɶɬɚɬɵ ɬɟɨɪɟɬɢɱɟɫɤɨɝɨ ɢɫɫɥɟɞɨɜɚɧɢɹ ɭɝɥɨɜɵɯ ɪɚɫɩɪɟɞɟɥɟɧɢɣ ɢ ɩɨɥɹɪɢɡɚɰɢɢ ɢɡɥɭɱɟɧɢɹ ɪɟɥɹɬɢɜɢɫɬɫɤɢɯ
ɷɥɟɤɬɪɨɧɨɜ ɢ ɩɨɡɢɬɪɨɧɨɜ ɩɪɨɯɨɞɹɳɢɯ ɱɟɪɟɡ ɬɨɧɤɢɣ ɤɪɢɫɬɚɥɥ ɩɨɞ ɦɚɥɵɦ ɭɝɥɨɦ ɤ ɨɫɢ ɤɪɢɫɬɚɥɥɚ. ɉɨɤɚɡɚɧɨ, ɱɬɨ
ɧɟɬɪɢɜɢɚɥɶɧɚɹ ɬɨɧɤɚɹ ɫɬɪɭɤɬɭɪɚ ɭɝɥɨɜɵɯ ɪɚɫɩɪɟɞɟɥɟɧɢɣ ɢɡɥɭɱɚɟɦɵɯ ɝɚɦɦɚ-ɤɜɚɧɬɨɜ ɨɛɭɫɥɨɜɥɟɧɚ ɜɥɢɹɧɢɟɦ ɦɧɨɝɨɤɪɚɬɧɨɝɨ
ɪɚɫɫɟɹɧɢɹ ɧɚ ɢɡɥɭɱɟɧɢɟ ɱɚɫɬɢɰ ɜɵɫɨɤɢɯ ɷɧɟɪɝɢɣ ɜ ɤɪɢɫɬɚɥɥɟ (ɚɧɚɥɨɝɢɱɧɵɣ ɷɮɮɟɤɬɭ Ʌɚɧɞɚɭ-ɉɨɦɟɪɚɧɱɭɤɚ-Ɇɢɝɞɚɥɚ).
ɉɨɤɚɡɚɧɨ ɬɚɤɠɟ, ɱɬɨ ɢɫɩɨɥɶɡɭɹ ɳɟɥɟɜɨɣ ɤɨɥɥɢɦɚɬɨɪ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɜɵɫɨɤɭɸ ɫɬɟɩɟɧɶ ɥɢɧɟɣɧɨɣ ɩɨɥɹɪɢɡɚɰɢɢ ɢɡɥɭɱɟɧɢɹ, ɜ
ɬɨ ɠɟ ɜɪɟɦɹ ɰɢɪɤɭɥɹɪɧɚɹ ɩɨɥɹɪɢɡɚɰɢɹ ɢɡɥɭɱɟɧɢɹ ɜ ɬɨɧɤɨɦ ɤɪɢɫɬɚɥɥɟ ɛɥɢɡɤɚ ɤ ɧɭɥɸ ɜ ɥɸɛɨɦ ɧɚɩɪɚɜɥɟɧɢɢ.
ɄɅɘɑȿȼɕȿ ɋɅɈȼȺ: ɪɟɥɹɬɢɜɢɫɬɫɤɢɣ ɷɥɟɤɬɪɨɧ, ɪɟɥɹɬɢɜɢɫɬɫɤɢɣ ɩɨɡɢɬɪɨɧ, ɝɚɦɦɚ-ɢɡɥɭɱɟɧɢɟ, ɧɟɞɢɩɨɥɶɧɵɣ ɪɟɠɢɦ,
ɥɢɧɟɣɧɚɹ ɩɨɥɹɪɢɡɚɰɢɹ, ɰɢɪɤɭɥɹɪɧɚɹ ɩɨɥɹɪɢɡɚɰɢɹ, ɤɪɢɫɬɚɥɥ.

